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The magnetohydrodynamic (MHD) flow over a stretching sheet of a viscoelastic fluid immersed in a
porous medium is studied analytically. The flow is induced by suction and also by an infinite elastic sheet
which is stretched along its own plane. The stretching of the sheet is assumed to be proportional to the
distance from the slit. The governing equations are reduced to a non-linear ordinary differential equation
by means of similarity transformation. The resulting non-linear equation is solved analytically and the
streamlines of the flow field are obtained. The effect of various quantities such as suction parameter,
Chandrasekhar number and porous parameter on the velocity fields are studied. Results show that the flow
field can be divided into a near-field region (boundary-layer region) and a far-field region (free stream
region). Suction on the surface plays an important role in the flow development in the near-field whereas
the far-field is influenced mainly by stretching. The electromagnetic effect plays exactly the same role as
the porous medium, which reduces the horizontal flow velocity resulting from stretching. The flow pattern
also exhibits a substantial change as the suction effect increases, and in such case the growth of the near-
field region can extend far away from the stretching surface. These results have possible technological
applications in liquid-based systems involving stretchable materials.
Keywords: magnetohydrodynamics; porous medium; stretching sheet; suction; similarity solutions.
1. Introduction
Boundary-layer behaviour over a moving continuous solid surface is an important type of flow occur-
ring in many engineering and manufacturing processes, for example, polymer extrusion, metal forming,
wire-drawing, fibre-processing, magnetic tape production and so on. The fluid surrounding the stretch-
ing sheet is usually used to cool the sheet or induce extra properties onto the sheet. Obviously the prop-
erty of the sheet as a final product depends greatly on the hydrodynamics surrounding it. Typically the
present problem is a prototype for the following problems (see Siddheshwar & Mahabaleswar, 2005):
• Drawing, annealing and tinning of copper wires.
• Continuous stretching, rolling and manufacture of plastic films and artificial fibres.
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• Extrusion of a material and heat treated materials that travel between feed and wind-up rollers or on
conveyor belts.
• Production of magnetic tapes or sheets.
In particular, in the production of magnetic tapes or sheets, the embedding fluid is electrically con-
ducting subject to a magnetic field during magnetic material deposition. To ensure that these processes
be energy-efficient and effective, it is imperative to understand the important aspects in this physically
interesting problem.
The delicate nature of the problem dictates the fact that the magnitude of the stretching rate has to be
perfectly controlled. The stretching rate has to be small enough to ensure that the sheet does not break
and that the precise property is achieved, while being quick and large enough to ensure efficiency and
avoid premature curing. Moreover, the sheet has to be perfectly flat throughout the process to ensure
even flow and deposition of magnetic materials. One method to do so is to extrude the sheet in-between
clamped or supported porous blocks. Porous blocks are used to ensure that the flow and magnetic par-
ticles can flow and deposit around the sheet while maintaining form. In some other applications, dilute
polymer solution, such as the 5.4% solution of polyisobutylene in cetane is used as the carrier fluid,
thus viscoelastic fluid flow occurs over a stretching sheet (Markovitz & Coleman, 1964). To this end,
this work is devoted to understanding the magnetohydrodynamics (MDHs) of viscoelastic fluid due to
sheet-stretching within a porous medium.
A number of researchers have studied the various aspects of stretching sheet, ever since the pio-
neering works of Crane (1970). Non-linear viscoelastic fluid dynamics have been studied by a number
of authors (see Siddheshwar & Mahabaleswar (2005); Abel et al. (2007); and references there in).
Rajagopal et al. (1984) obtained a similarity solution of the boundary-layer equations for the problem.
Dandapat & Gupta (1989) studied the heat transfer of stretching sheet problem. Numerical solutions for
non-linear viscoelastic fluid past an infinite porous plate subject to suction at the plate are studied by
Cortell (2007) and Rajagopal et al. (1986). Cortell (2005) recently studied the MDHs over a stretch-
ing sheet. Siddheshwar & Mahabaleswar (2005) have studied MDH flow in a viscoelastic fluid over
a stretching sheet, whereas Cortell (2007) studied the mass transfer issues of the problem. Recently,
(Abel et al., 2000) studied momentum and heat transfer in viscoelastic fluid in a porous medium over a
non-isothermal stretching sheet. The same authors (Abel et al., 2003) have also investigated diffusion
of chemically reactive species of a non-Newtonian fluid immersed in a porous medium over a stretching
sheet. Also, Sedeek (2007) investigated heat and mass transfer on a stretching sheet with a magnetic
field in a viscoelastic fluid flow through a porous medium with heat source and sink. In the recent past,
Cortell (2007) studied flow and mass transfer in a viscoelastic liquid occupying a porous medium. In
the not so recent past, Vajravelu & Rollins (2004) studied the hydromagnetic flow of a second grade
fluid over a stretching sheet.
The aim of this work is to push the analysis closer to reality in the manufacturing process. We
would like to study the MDHs of a viscoelastic fluid immersed in a porous medium over a stretching
sheet with suction. We shall derive closed-form analytical solutions of the problem and study the various
parameters that could affect the process.
2. Mathematical formulation
As in typical polymer processing applications and stretching sheet problems, we consider the steady
and isothermal flow of a non-Newtonian, incompressible fluid past a stretching sheet issuing from a
slit at x = 0 and y = 0 as in Fig. 1. Rectangular Cartesian coordinates (x, y) are taken with the origin at
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Fig. 1. Schematic of the two-dimensional linear stretching sheet problem with an indication of the boundary layer (near field) .
Beyond the boundary layer lies the far field.
the slit, x being measured along the sheet and y perpendicular to it. The Walters’s liquid B represents
an approximation to first order in elastic non-Newtonian fluids, i.e. for short or rapidly fading memory
fluids, and obeys the constitutive equation of state. The fluid occupies the upper-half plane y > 0. By
applying two equal and opposite forces along the sheet along the x-axis, the sheet is being stretched. The
stretching is embedded inside a porous matrix subject to a transverse uniform magnetic field H0, applied
in the positive y-direction. The resulting motion of the otherwise quiescent fluid is thus caused solely
by the moving fluid, subject to the interaction of the electromagnetic field inside the porous medium.
The steady velocity field (u[x, y], v[x, y]) develops due to the linear stretching of the sheet with velocity
u = cx, where c is the linear rate of stretching. The assumptions are such that they facilitate the use of
boundary-layer theory (Rajagopal et al., 1984). The conservation of mass and the momentum boundary-
layer equation for steady fluid flow past a stretching sheet within the porous matrix follow that of Beard
& Walters (1964). The continuity equation and conservation of linear momentum are given by
∂qi
∂xi
= 0, (1)
ρ
[
∂qi
∂t
+ qj ∂qi
∂xj
]
= − ∂p
∂xi
+ τ ′ij,j −
μ
k
qi − σH2o qi, (2)
where qi’s are the velocity components, p is the pressure, ρ is the density, μ is the dynamic coefficient
of viscosity, k is the permeability, H0 jˆ is the applied magnetic field and σ is the electrical conductivity
of the viscoelastic liquid. In Equation (2), τ ′ij is given by the Walters B constitutive relationship:
τ ′ij =
(
1 − ko ddt
)[
μ
(
∂qi
∂xj
+ ∂qj
∂xi
)]
, (3)
where d/dt = ∂/∂t + qj(∂/∂xj) and k0 is the viscoelastic coefficient. The pressure gradient is negligible
as is typical in the case of these problems.
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Using the boundary-layer approximation the above equations result in:
∂u
∂x
+ ∂v
∂y
= 0, (4)
u
∂u
∂x
+ v∂u
∂y
= ν ∂
2u
∂y2
− σH
2
0
ρ
u − ν
k
u − k0
(
u
∂3u
∂x ∂y2
+ v ∂
3u
∂y3
+ ∂u
∂x
∂2u
∂y2
− ∂u
∂y
∂2u
∂x ∂y
)
. (5)
The applied uniform magnetic field H0 acts normally to the sheet and due to the assumption of
the smallness in value of the electrical conductivity (weak electrical conductivity) the induced mag-
netic field is negligible compared with the applied magnetic field. Since the surrounding fluid is poorly
conducting, any charge that might be created gets accumulated on the extrusion and would not be a
serious factor because of the weak dynamics that is prevalent around the sheet. The assumption of weak
electrical conductivity further results in the Lorentz force giving rise to a linear damping term in the
momentum boundary-layer equation, which is the first within the first bracketed term on the right-hand
side. The first three terms on the right-hand side represent the effect of viscosity, magnetic interaction
and permeability of the porous medium, respectively. As in Cortell (2007), in deriving these equations,
it is assumed that the contribution due to shear stresses is of the same order of magnitude as that due to
the normal stresses, that is, v and k0 ∼ O(δ2), where δ is the boundary-layer thickness of the flow.
The pertinent boundary conditions are
u = cx, v = vC , y = 0,
u → 0, ∂
u
∂y = 0, y → ∞.
}
(6)
The conditions on u and v signify that there is a linear stretching of the sheet in the x-direction and
the stretching induces only a weak transverse velocity component. vC is the suction/injection velocity
the sheet is subjected, where vC < 0 corresponds to the suction and vC > 0 to the injection of the fluid.
Moreover if vC = 0, it characterizes impermeability. The condition on velocity at infinity in Equation (6)
means that the stretching of the sheet does not induce dynamics at distances far away from the sheet
due to boundary-layer arguments. In other words, fluid dynamics is restricted to the immediate neigh-
bourhood of the sheet.
To solve the equation, we introduce new dimensionless variables f and η such that
ψ = √cνxf (η) (7)
and
η = y
√
c
ν
. (8)
The maximum thickness of the boundary layer is
√
ν/c and hence y has been scaled by the same. The
velocity components u and v are then related to the physical stream function ψ by
u = ∂ψ
∂y
, v = −∂ψ
∂x
. (9)
From Equations (4), (6), (7) and (9), and setting f (0) = 0, we can obtain the following form for u and v
u = cxf ′(η) and v = −√c νf (η), (10)
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where the prime denotes differentiation with respect to η. Substituting Equation (10) into Equation (5)
gives us the following equation
f ′′′ − f ′2 + ff ′′ = (Q + K)f ′ + k1(2f ′f ′′′ − f ′′2 − ff ′′′′), (11)
where Q = σH20 /ρc is the Chandrasekhar number, K =
√
γ /ck2 is the porous parameter and k1 = ck0/v
is the viscoelastic parameter. We note here that the equation for the stretching sheet involving a second-
order liquid (see Rajagopal et al., 1986) can be obtained from Equation (11) by replacing k1 with −k1.
Equation (11) is an equation with almost all non-linear terms. The boundary conditions for f can be
obtained from Equations (6) and (10) as
f (0) = VC = vc√
cν
, f ′(0) = 1, (12)
f ′(∞) → 0 and f ′′(∞) = 0. (13)
In this work, we have assumed f (0) = VC , where VC is the suction parameter in the similarity solu-
tion. VC > 0 corresponds to suction, VC < 0 corresponds to blowing and VC = 0 is the case when the
surface is impermeable.
From a mathematical point of view, Equation (11) is quite interesting because one can reduce this
fourth-order differential equation to a third-order equation. In fact, using the transformation f ′ = Y , one
can write
f ′′ = ∂Y
∂η
= ∂Y
∂f
∂f
∂η
= Y˙Y , (14)
where the dot denotes differentiation with respect to f . Similarly, we can write
f ′′′ = Y 2Y¨ + YY˙ 2 (15)
and
f ′′′′ = 4Y 2Y˙ Y¨ + YY˙ 3 + Y 3 ...Y . (16)
Substituting the above expressions for f ′, f ′′, f ′′′ and f ′′′′ into Equation (11), we obtain a third-
order ordinary differential equation which may be solved numerically. In the present paper, we adopt
a different approach of seeking an exact solution of Equation (11) satisfying Equations (12) and (13).
Upon analysis of the nature of f (η) at η = 0 and as η → ∞, it seems appropriate for f to take the
following form
f (η) = A1 + B1e−βη. (17)
On using the boundary conditions (12) and (13), A1 and B1 can be determined using methods available in
previous literature (see Siddheshwar & Mahabaleswar, 2005 and references there in) and the solution is
f = 1 − e
−β η
β
− VC , β > 0. (18)
At this juncture we recall the work by Chang (1989). He assumed that
f (η) = A0 + B0 e−βη cos ωη, (19)
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where A0, B0 and ω are to be determined. We note that this form also conforms to the nature of f (η) at
η = 0 and as η → ∞ provided that
A0 = −B0 = 1
β
(20)
and the three other conditions involving β and ω. This proves the existence of other solution(s) of
Equation (11), in addition to the one (Equation (18)) derived earlier. Thus the solution of Equation (11)
is not unique as discussed in Troy et al. (1987) and we find ourselves in a situation of having to make
a decision on the appropriateness of the solutions. This question was addressed by Lawrence & Rao
(1995) who advocated, with proper physical reasoning, that the type of solution like Equation (18) is
the more realistic one compared with other possible solution(s).
Substituting Equation (18) into Equation (11) reveals that Equation (18) is a solution of the non-
linear differential equation (11) if
(VCβ − 1)(1 + k1β2) + [β2 − (Q + K)] = 0. (21)
We note here that in the absence of suction, Equation (21) reduces to
β =
√
1 + Q + K
1 − k1 , 1 β ∞, (22)
Using Equation (18) in Equation (10), we obtain
u = cxe−βη (23)
and
v = −1 − e
−βη
β
√
cν, (24)
where β is given by Equation (21). We can solve the cubic equation (21) β analytically. The limiting
case of expression (24) when VC = 0 yields the solution of Siddheshwar & Mahabaleswar (2005) in the
absence of porous media. Furthermore, the case when VC = Q = k1 = K = 0 reverts to the Crane (1970)
problem. The quadratic equation for β, in such a case, may be deduced from Equation (21) in the limit
VC → 0.
3. Results and discussion
We study the MHD flow of a viscoelastic fluid immersed in a porous medium over a stretching sheet
with suction. The study encompasses within its realm both Walters’s liquid B and second-order liquid.
Similarity solution is used to obtain the velocity distribution which is governed by a non-linear differ-
ential equation. Negative values of k1 give us the results of a second-order liquid and positive values of
k1 give us the results of a Walters’s liquid B model. The velocity, both transverse as well as axial, is a
decreasing function of η as it is an exponential function with negative argument. It is clear from Equa-
tions (7) and (11) that β, which is a function of the viscoelastic parameter k1, porous parameter K and
the Chandrasekhar number Q, contributes to the slope of the above exponentially decreasing velocity
profiles. Thus, β plays an important role in the present study.
It is apt to note here that the similarity Equation (8) is an important differential equation mathe-
matically in the sense that the order of the differential equation can be reduced by one on using the
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Fig. 2. Plot of axial velocity component fη (η) versus η with VC = 0 and different values for the Chandrasekhar number Q and
the porous parameter K.
transformation f ′ = Y as discussed earlier in this paper. It is also important to note that the viscosity of
the viscoelastic liquid is more in magnitude than that of a Newtonian liquid. This fact can be elicited
by seeking recourse to the Einstein formula for viscosity of suspensions, namely μ = μ0[1 + 2.5 ϕ],
where ϕ is the concentration of the suspended particles which adds non-Newtonian characteristics to
suspensions (Rajagopal & Tao, 1995), resulting in the same equation. The above formula explains the
enhanced viscosity of suspensions compared with the carrier liquids without suspended particles. Fur-
thermore, we note that the effect of porous matrix is to provide friction to the flow and magnetic field
provides rigidity to the electrically conducting liquid in exactly the same spirit.
Figure 2 depicts the effect of the Chandrasekhar number Q and the porosity parameter K on the
axial velocity profile f ′ in the absence of the suction parameter VC . It is found that the effect of Q + K is
to reduce the horizontal velocity profile f ′. This graphical representation reveals that Q + K decreases
the axial velocity profile f ′ significantly in the viscoelastic flow in comparison with the viscous flow.
This is because of the fact that increase in the value of Q + K signifies the increase of Lorentz force,
which opposes the axial flow in the reverse direction. From figure and Equation (8), it is observed that
the Chandrasekhar number and the permeability of the system play exactly the same role in the flow.
Because of this reason, we shall consider them to be the same factor.
The axial velocity distribution was calculated for different values of η and k1 in the absence of
porosity parameter and suction parameters for the hydrodynamic case. This was done with the intention
of comparing the results with the work of Rajagopal et al. (1984) who solved the problem using a
regular perturbation technique. Our results coincide with those of Rajagopal et al. (1984) up to the
second decimal place. It can be shown by stability analysis of the Taylor–Görtler type that the above
boundary-layer flow over a stretching sheet considered in the paper is stable (Dandapat et al., 1994).
As mentioned earlier, β plays an important role in the determination of the flow structures and thus
it is important to study its behaviour. Figure 3(a) shows the value of β for different values of Q + K
for various values of k1 and for VC = 1, while Fig. 3(b) shows the value of β against VC and k1 for
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(b)
Fig. 3. (a) Variation of β with Q + K for different values of k1, for VC = 1, K = 0. (b) Three-dimensional plot of the variation of
β with k1 and VC for Q + K = 1.
Q + K = 1. It is interesting to observe from Fig. 3(b) that there is a validity range for the combination
of VC and k1 as β becomes complex, especially when VC becomes smaller than 2. Beyond this valid
region, the equations fail to give any real solutions based on Equation (15). This also hints that the flow
structure would change drastically as the combinations of these various parameters change which is
indicative of typical non-linear equations. This drastic change will be illustrated subsequently. It is also
possible that another solution exists in this region, as mentioned before.
We now investigate the effects of various parameters on the MDH flows. The non-dimensional
stream function can be obtained from Equation (7) as Ψ (X , η) = Xf (η), where X = x/√ν/c. The stream
lines can be plotted by taking Ψ (X , η) = Xf (η) = C and giving different values to C. Figure 4(a) and (b)
shows the streamline plots at the flow domain for Q + K = 1 and 2, respectively. It is clear from these
two figures that the flow experiences a point of inflexion as the Chandrasekhar number changes from
1 to 2. When the Lorentz force is small, the flow, coupled with the suction, is essentially controlled by
the stretching, and thus the streamlines are ‘pulled’ towards the far side by the stretching surface. On the
other hand, when the Lorentz force is large, the stretching produces very little effect near the boundary
layer and the flow essentially follows the electromagnetic forces far away from the stretching surface.
Figure 4(c) plots the change of a particular streamline (ψ = 1) for various values of Q + K. It can be
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Fig. 4. (a) Streamlines of the flow for Q + K = 1, k1 = 0.5, VC = 1, C = 1. (b) Streamlines of the flow for Q + K = 2, k1 = 0.5,
VC = 1, C = 1. (c) Streamlines (Ψ = 1) of the flow for various values of Q + K, k1 = 0.5, VC = 1, C = 1.
seen that the inflexion occurs when Q + K is ∼ 1, meaning the point when the Lorentz force balances
the stretching effect.
A closer inspection of Fig. 4(a) or (b) indicates that the flow with suction is very different from the
case without suction. By lowering the suction velocity VC to 0.5, features of suction-less case start to
reappear, as in Fig. 5. It can be seen that suction induces a vertical flow near the sheet. For small values,
the suction will be confined near the boundary layer of the stretching surface while the stretching will
be responsible for the bulk of the flow as in Fig. 5, which shows that the flow pattern can be roughly
divided into two regions: the ‘near field’ where the flow is dominated by the Lorentz force and the ‘far
field’ where it is more controlled by the stretching. In the far-field, the flow is essentially the same as in
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Fig. 5. Streamlines of the flow for Q + K = 1, k1 = 0.5, VC = 0.5, C = 1.
the suction-less case. The size of the near field depends on the magnitude of the Chandrasekhar number.
The physical explanation coincides with that of Gupta & Gupta (1977).
Figure 6(a) shows the surprising result regarding the near-field streamline (Ψ = 1) that the varia-
tion of the viscoelastic parameter k1 does not impart any effect on the streamline. The streamline as
above is correct because of the fact that for various values of viscoelastic parameter, with VC = 1.0 and
Q + K = 1, the minimum positive real root of the cubic equation in beta is always 1 and hence does
not depend on the value of k1, the other two roots being complex conjugates. In this case, therefore, the
streamlines merge into one other.
The viscoelastic parameter, however, has a larger effect on other streamlines as illustrated in
Fig. 6(b). The streamline variations for the case when VC = 0.5 is illustrated in Fig. 6(c). In all these
graphs, it is important to emphasize that the viscoelasticity is a bulk property of the fluid and affects the
overall flow field. Near the boundary layer, local properties such as stretching and suction play a more
prominent role in the flow development.
Figure 7(a, b) shows the variations of the streamlines (Ψ = 1 and −1) against different values of
VC in the far and near-fields, respectively. As discussed earlier, VC produces the greatest effect on the
flow changes among all the parameters. The effect of suction seems to be confined in the near-field
of the flow only. Moreover, the streamlines for −1 are unavailable for values of VC between 0.5 and
1.5 because of the root behaviour of β. Figure 8(a, b) shows the effect of stretching on the near field
and the far field, respectively. Obviously, the larger the stretching, the smaller the near field, because
the horizontal component of the velocity would be dominant. This is true for both the near and the far
fields.
4. Conclusion
The study of a mathematical model on the MHD flow a viscoelastic fluid immersed in a porous medium
over a stretching sheet, where the flow is subjected to blowing through porous boundary, has been
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Fig. 6. (a) Streamlines (Ψ = 1) of the flow for Q + K = 1, VC = 1, C = 1 for various values of k1. (b) Streamlines (Ψ = −1) of
the flow for Q + K = 1, VC = 1, C = 1 for various negative values of k1. (c) Streamlines (Ψ = −1) of the flow for Q + K = 1,
VC = 0.5, C = 1 for various values of k1.
carried out. Linear stretching of the porous boundary is taken into consideration in this study. The
linear stretching of the sheet is assumed to be proportional to the distance from the slit. The resulting
non-linear momentum differential equation is solved exactly. The governing differential equations are
solved analytically and the effects of various parameters on velocity profiles.
Results have shown that the flow field can be roughly divided into a near field region and a far
field region for a combination of parameters such as the Chandrasekhar number, viscoelastic parameter,
suction and stretching, respectively. In fact, the effect of suction is to enlarge the near-field region.
On the other hand, the effect of porous parameter seems to be exactly the same as the Lorentz force,
and its combined effect is to decrease the horizontal velocity significantly in a viscoelastic fluid flow in
comparison with a viscous flow.
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Fig. 7. (a) Streamlines (Ψ = 1) of the flow for Q + K = 1, k1 = 0.5, C = 1 for various values of VC . (b) Streamlines (Ψ = −1) of
the flow for Q + K = 1, k1 = 0.5, C = 1 for various values of VC .
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Fig. 8. (a) Streamlines (Ψ = 1) of the flow for Q + K = 1, k1 = 0.5, VC = 1 for various values of C. (b) Streamlines (Ψ = −1) of
the flow for Q + K = 1, k1 = 0.5, VC = 1 for various values of C.
We verified that the equation satisfied by f (Y), namely f = (1 − Exp [−βη]/β) − VC , in the stretch-
ing sheet problems involving Walters’ liquid B cooling liquid for both electrically non-conducting and
conducting liquids is the solution of the entire class of boundary-layer equations arising in a stretching
sheet problem, β being different for each. Table 1 documents the expression of β for different stretching
sheet problems.
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Table 1 Expression of β arrived at in different stretching sheet problems
Cooling liquid Value of β
Newtonian liquid (with suction or injection),
Gupta & Gupta (1977)
β =
−VC +
√
V 2C + 4
2
Weak electrically conducting Newtonian
liquid (with suction or injection),
Dandapat et al. (1994)
β =
−VC +
√
V 2C + 4 (1 + Q)
2
Walters’ liquid B (with suction or injection),
Siddappa & Abel (1985)
Minimum of positive roots of
(VCβ − 1)
(
1 + k1β2
)+ β2 = 0
Weak electrically conducting Walters’ liquid
B (with suction or injection), Ariel (1994)
Minimum of positive roots of
(VCβ − 1)
(
1 + k1β2
)+ (β2 − Q)= 0
Weak electrically conducting Walters’ liquid
B, Siddheshwar & Mahabaleswar (2005)
β =
√
1 + Q
1 − k1
Weak electrically conducting Walters’ liquid
B in a porous medium (with suction or
injection), present work
(VCβ − 1)(1 + k1β2) + [β2 − (Q + K)] = 0
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